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A Revisit on Sumner Line of Equal Altitude Circle and its
Discovery
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ABSTRACT

The discovery of the Sumner line was first proposed by Captain Thomas H.
Sumner of United States. It is not only simplifying calculation of the astronomical
vessel position (AVP) but is also opening a new era in practical navigation. After
revisiting this contribution, in which the Sumner line is actually found to be the
secant line of equal altitude circle in viewpoint of Geometry. The secant line
equations (SLE) were developed to deal with the two-body AVP problems and
further extended to resolve the multi-bodies AVP (nAVP) problems. Due to the
trial-and-error characteristic of the Sumner line, an iteration scheme is introduced to
improve numerical accuracy. It is noted that when the reasonable solution set of the
nAVP problem should fall into the real AVP within an acceptable error range
(AVP-ER) by using statistics. Based on the SLE, a program namely nAVP-SLE was
developed for the navigator. Finally, several benchmark examples will be conducted
to validate the accuracy and versatility of the novel approach.

Key words: Sumner line, Astronomical vessel position (AVP), Secant line
equations, Iteration scheme, Running fix.
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EAREZERE S » RN E A B R ALE IR AR NS ay(EE - | [6] » #BIt » [=]
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& (line of position, LOP) » B[ Fs“Sumner line” » 5% Bl KR A SIN L J77A0 B4
HAE R LR S AYE B By S5 B EE Frbk FH HAHER SRS ZEONBERIZ[8] © Xk
1875 . AR B EHEE & B2 7 B (Marcq de Blond de Saint-Hilaire, 1832-1889) Fij#it LOP
FHECRAIT COP FAYL43 LOP(tangent LOP) » [H:E[f% B “Hilaire method”=( " &RHEE |
(intercept method, IM) 5 £t » 5ZW¥H LOP Bl 1 & HINUEEEAYHTHF(new era)[9] - £y
TRt S EBEAAINTTT BT (EE R R SOUEEE - B 1936 58 - DIEpR A+ » SRR B L
BX| Yot & BLERTL A (nautical almanacs, NA)FHIK fH & Z= i (sight reduction tables)Z il &
2 BEHBIAA G BEAE IR E0E FEBIEE - ROWUBEIER A & E REEUA A B,
PHIASE WifE 7774 [10-18] 5 280 A ar AV & i ¢RI “Sumner line” 5E 75 F5 & FE 2R AR AR 14
UM 7 EHS R BB TR Ryl ? RS R T 26 RAS R O R 7 —F it
5|8 A m SR S B -

TR SRR AR HE(Arthur Schopenhauer, 1788-1860)AII% «  AllE 1AL EHEHT A2
BRI AFTR R, AN RAVEH A - FEHT AFTRIEE] © 4 (“The task is, not so
much to see what no one has seen yet; but to think what nobody has thought yet, about that
what everybody sees.” )[19] - [t > {E2& (AR - SEEEEE R fF COP _ERYDJ4R LOP -
Al“Sumner line”[7]R[ .2 Fs{F COP _LHYE[4R LOP(secant LOP) ; A4l it —HI4R 75
7 KR R -

Fij i B — K AS 2 18 A Efig % B[l COP B LOP » &ty i RSN L 5 TAKIERSK
Az (astronomical vessel position, AVP) >HILNHZ /DA EERIEHE - EE - § 1970
Fit - N Bt BRI O A EE D - ER SRS (I B (COPSs) B EE K 4G (i E 4% (LOPS)
HIRE S » A T ER A A BIHVEEE 5 A KRR SR (AVP) R RA s SO 382 - e
BRI E T RIHUEZENAE - BHEMEFENE - B GR ARSI NERYE#ER 7% - H
BUREZ > — i SRR EREAER s E)7ATEEE FE RN
& TEEAE] (set partition) 5 L - EERAS RSN R - HEEEITAMRMEE T3 R
W 17 48 712 4H (COPs) DL K sk 17 L 4R 5 A2 4H(LOPs) » Fif S AT 4lfl 53 Ko {2 (algebraic
methods, COPs-AM)[20-27]&1Ek = ;% (spherical trigonometry, COPs-ST)[24-26, 28-35] ; {%&
ARy Ry V)44 (tangent LOPs) [36] /1% 4% (secant LOPs) [37-40] 5_FAftHy 73 #E7 [A]
EEMERRSC[A1]HE R AR EH o BatPUfdE Tk Bk =R Kl 1 43 J7124H(COPs-ST) >
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(LOPs-SLE) » ZMRAIEHYZ » HIEEREHY B4 - #HFUSFIERAVIEZRATEYN » RIS
RIGEAREERS - (L g FI4R JTR24H (SLE) » 595 »3% 1 FH AT Kot %€ fiz (running fix)
i IR RUT R/ NEfRRYERE > B AR SCER A P39 48 JE T4 (mean latitude
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Flynn (1972) BERTLREE T TR Taylor &K% fi
Fox (1975) LB R AT fie
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SSEG (2017) VAR YT EXAE) [FEIRgge i H
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FER B REGR AL B S5t BT Z ELleR([27, 42-47] » 417k 2 Fior - 1RBAER
HrEEER - [EIEER B4R 5 AR 4R A ER S [38-40] B R AE R HH 25 KBS RS AT R > HETREA
s SCHY o EHRELERK -

S o AR RERlEH T A 2 20 o MRS AR HET R - FRA
Bl REEMZPHOT  BEEERE T ARESTRER B RE PR
aEm ¢ AR 0 s HIHES TSR IUE -

B~ BRI AR ERTRER

Z4R T FRAH K AR EE KA A SO T E R BERE RS > 20E] 1 B > B S e N
I (Lor) AT L0 5 » Bll[aliy, alig] » B NEFRBLE NI RELEE - W HZ
SELETEBARAG 1 HYBKIH % = B (EACHAEATTA Pin 8 Pip 2 F2 R BEHY B 4R 5L /2 “Sumner line”
SfEEI4R LOP » 3% B4R I E SIS - fLETE - HRZEWHUEEIES - Ko
MR H AL WiE 2 Ao > RIEIGR TR S HAE R R T Sy A - 1 i 4R
HY7Z BRI By R SCARAL(AVP) o XA AR & stai A (trial-and-error) BFE - &7 £ R
7= BER AU (iteration scheme) B 2 - TRZEHIA RIPER - 250 1 © RhECRRTES
OMERREE S E F o &5 ERE = A A HEm g E 3 /x5 24K 2 0 DURSOHAL
1 48 FE (Lave) BRI S0 FY HE SRR A7 45 5 (Lor) 12 408 B0 R FE ) 28 57 > B TaT 5 R SCHEIL
(AVP) » HEEFIRWEMEER - RIFrEGEEIR SN - 5 —RERHIER Al iR
"DUE A OEHKE  ANEBEE - [27,36,41] 0 S54h o AERTE AT - MR RITE
FEAL(running fix)WEEAGER A4 fTA(mean latitude sailing) - 8 [E] DI fEHY %
& i(reference point, RP)3H% 45 EHYE L] -

BRI AR > HNERPERENTE - BEEETT « RS - Blg05E
S HAREE AR SR TS+ HETT 53 IR R ARG B 2 RBGHY R SR L Z BT R -

2.1 BRETTASm

T EZ AT B EIRRRAVEDHIR R R EHY - Fr DM RIB AT & AT IE 2R
FHSERI4RTERTE - R EBUHI R &% 25 BH(RP) R 2= e TR F T IHFES E4
FAYREES o DAEE | E R 17T (adaptive boundaries technique, ABT)#LiE & HR 9]
YEIESAE 1 B ORI OMEBK I E S L DA AERE = A A E 3 7R
7 T WA B o] d 22 B A A A e[ 2 7w > R oT i B4 7 A2 4H S HARE% - FF
B R B R SR AL (AVP) » B T DIEHE ) Sa R ArERz - AT UMVERRF 2
HHISOEbR . ZEHIARGTEE B TGESKE - RERE - | 540 ZREERSUE
L HEAEE RS R SR AL Ry R M A - ASm AR DAGRE 22y T Bl 35 (mean) K HAT
#£ 72 (standard deviation, SD) | ZKFER T 2 REGRSCREAL R Hoai = HiE | (AVP-ER) -
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1L HIEERUA

PG EHUAGRIUEEM S Z BN - HIETES2 SRS - EAMAAHTR
(Sp) - LT THFE (A KA A (C) 4 ERERTRE(LE, M) » fRFF AT1SAEE(D) ~ &2 (AL)
IEERE(Lm) ~ TR (AN LR AR (p) > SR AATE T EORIGEIZERS(LL, 4t) - HARRE A
EUNNE

D = SpxAt, (1a)
1

AL = DcosC, Lm = Lf + E(AL)’ AL = psecLm = (DsinC)secLm, (1b)

Lt=Lf+AL, At =Af+ AL (c)

K XIS ZEEHEEML(DR) ~ & K88 | FYHIRAL B (GP) DL Kz AT [E] R R fE Y &)
45 T BE(Sumner point)2 -

2. WEBHRFIS
Fp TEUHIEEHE R | > SUBRERM 2 EFE (Lor) AT R ()VA —EZE E [ L
sViA g 10 Sy5l 2 R B+10" > (22 IR & A BE Y 7R4% (declination, d) Kz ECEHI= &
(observed altitude, H) » 1t » 5 EERE = A0 TEZ AR E =8 | WE - kR
H T EHEEESR ) - K 0 (VA EEEE SR TIR(LBI) K _EFR(UBI) » {imEfES FLR
IR E YGRS [ali, alip] » FEBA AT ¢
LBi = di — (90° — Hi), i =1, 2; (2a)

UBi = di + (90° — Hi), i = 1, 2; (2b)

[LDR - I, LDR + I], lfLBl S LDR$ IS UBI )
[aLil,aLiz] = [LBI, LBi + 2]], if LDR —1< LBI, (20)
[UBi — 21, UBi, if Lpg + 1> UB.

SN AR 2 0 LRSI AL R RE (Lave) HUAUR Se ARG AL 8 1 (Lor) 75 n RyiR(X
RE > AEERCEIE)EFR AL -

I=10"x2™, (2d)
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3. HE=AAAZEH

WE 1 AR > W EREEEE TR > Bl ali 8 ali s HERBK= =8 - AGTEE—
A Al EE R A RIS =AY EER5ZE(side cosine law) » ELa] 73 IJES(E EACT LAY
WREHIREE » 5 AT BT > alin B2 alip > KAG | IV RTREEEAR - HIZREE (di) S gk
G A(GH) > DU BEUIE RE(HI) - fRE 3 71 - SRAVEERZEEA] 73 BIPKIS M BB =AY+
Tt Bt FHARHT AR (R AT R R SETE - Ain 82 Aip - EAHBE AT -

cosHi — sin(aL;; )sindi

cos(y) = cos(aL;;)cosdi =12 (32)
cosHi — sin(alL;,)sindi .

cos(fp) = cos(aLj)cosdi =12 (30)

A = Gi+ Ly, Ap = Gi+ to. (3C)

4. Bl R BE

PARAZ | Rl > ELE(GR EATRES » B Pia(aLis, hi)E2 Piz(aLio, Aig) > 400[E[ 1 715 > P
FEHAFIERSTAE 2 71 > B Py, YO Pa(Xe, Vo) > ZE 1L > BI&R G HEAH R HACE A AT g
Gyt > 10 BRI SRR R SRS (AVP) » HEEGEE L T By Aave A1 Lave © fHEEHH
AR

Y=y, »,—y, _Ay

o omon o Ax (4
Axi(y = y)) = Ay;(x = xy), (4b)
FIEI SR T2 4HE— R T
Ay) x = Ax) y = x1(Ay) =y, (Ax), 1=1,2. (4c)
i BOHRUE Ry
A4 =x1(Ay)) —y,(Ax1), B =x1(Ay,) —y,(Axy), (4d)
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i Cramer JERI] » BIREGHESES - MRS T ¢
Ay, —Ax
D= Ay, —An|T Ax|Ay, — Ax Ay, (5a)
_ A —Axl _
D=l Zau|= @nB-@nu, (5b)
Ay, 4
D, = ‘Ay2 B‘ = (ay,)B = (&r,)4, (5¢)
N D
Aavp =X = D Lavp =y = By (6)

5 RirPeRiEeEE

2 RAG RS 2 R A R SO A > B DA T B2 AT SRt~ S R AR 72
R KBGO ) HER = #i# | (AVP-ER)  F H A FERE 247 -5 KASH i(L-n) »
RIIRSTAR A j(1-m) » B j=C) » SGHESRES KB - BT (x, ) » A8 m {BRC
R By Bl 8 R AT BT R KRS » AR By RO - HEKBE T HIE Aave
I Lave « HEHAZCADT -

}“AVP:)_C:%;LAVP:;:%; (72)
3 /(x--?c)z+ )’
ER = ’ — L (7)

22 FREERF

1. BRETRER
FIGOTIRAR RIS RSO VTR (PR 1 22588 5) » 40 ik -

BB L T RS
{58 PR ERUE R 2B R gh 2 e (] 5 BIERAI=((1a) ~ (1b) K2 (1e)Zs -
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BB 2 RENIRESR
EEE SRS R E WS > [aliy, alig] + HIERAHF(2) ~ (2b) B2 (20)5 -

BR3¢ eIy EI LR _ERRE
{E HER = HVEB ERZ R R AR (2 > BT RO EF S BAY B GR SRR - RIERA
(3a) ~ (3b) K (3¢)5F

iz R A S PNE 1A
PRAEIGRGEA R HAE U > RITATSRIG RSN 5 (44) ~ (4b) ~ (4c) ~ (4d) ~ (5a) ~ (5b) »
(5¢) k2(6)%% -

BB S AR Z EH]

AL ELRDER 2 0 1B 2 (REAK SO HIEEE (Lave) IUR S HIHE ARG L 42 (Lor)
B AgREREES > MIz((2d) - EEDER 2 228K 4> H 2R QRTRAVEEME - B
KIFE BRI L -

2. ZRETEAER
EN 4R ITREAH ORI 2 RAG R S R T R PGP B 0 22588 6) 5 41 Tl

S0 m (R ST
{RABIE, - (ERUTIERASE B - SRAFEERAR AL © n (BRA TS m=Ch AR
Atz -

7 - SEY7 BN
ZR AT BRI ER 1 22088 5 (REIERAGST RAEFPAVPER 1 2 5 Se el -

SR 6 ¢ KR R s
(5 PR G T R LA 22 53 2 55 MY RSO fir L3R4 i (AVP-ER) © 38(7a)
R (Tb)% -

2 - BPERE NET R

AR — BT A Rt FAR - (EH C # f2x\GE 5 ot B s i FAE
44 5y NAVP_SLE » REE 1 L) = (& B B ase A sm iR tHAY 7 Aam PR AR AR IERENE
BURE 1 Rt T oK A RAS RS L PIRE 2 2 = REGARSCRGAL - HAE R R KOG
K H A HE (AVP-ER) B 3 RAIZVURAS KL - R EEER AR =T 2 3R AR SR
AR ifilE - 7ERAirT BRYTEFIRRS -

1y ) www.safetysea.org

Taiwan Association of Maritime Safety & Security



Journal of Taiwan Maritime Safety and Security Studies

7% 3. B 1 5 EAG AT 2 AR EER

Vol 10, No 6

Celestial body Alkaid Capella
DR ZT 2004,41°34.8'N, 017°00.5'W
T 20-02-56 20-03-58
Ho 77°34.9' 15°19.3'
GHA 003°14.2' 131°24.8'
Dec 49°25.7'N 45°58.4'N

LRI ¢ [13, pp 332-333]

BiRE 1 EERAS R SR L

FEHAAAE ZT 2004 (YHE RS (DR) » L41°34.8'N, A017°00.5'W > HAAARIHLE 288° » fiiik
6.8 £ - M T AN ZT 20-03-58 {773 FEUHI Capella - St 20-02-56 #{H] Alkaid
LT R RS RS TR U AERA &N - B R 3 RIRSTRG AL FofmT 2 [13]

KRAE © #RFREZ nAVP_SLE SRARAE ZT 20-03-58 HYEERAG AR SIALAL -

GER -

1. #25 nAVP_SLE MyHEfFEIRA0E 3 Fros » _BJ7 By RAGEUHIRE S I ANz » /£
T RRaRi T &R AR AMAL - 5 N OTRIE ST REIEGHY R RN < St - 35 PG
AN J7HY Draw > BT ER R SO Y OB E SR SO L &R 48 S > W8] 4 P 5 &
Fy% Rae g 23RS AL BB R TR A DU m 8RS i & L Ry 275 -

2. UNIE 4 Fir o R RSB By L41°39.09822'N, A017°07.3687'W - #54R A U&7
Ay 515 0 HIE[L41°39.1'N, A017°07.4'W] -

N

1. [L41°39.1'N, 2017°07.3'W]EH[L41°39.1'N, A017°07.4"W]/{4 s M B s ST (1 RSO fir » i
FHVEmC[24-26, 39-40, 48] - 1 ERIA[27, 36] s M ETESEHIZE/NA 0.1 FFEMT
JEINEDK - BE > B R ENREGE B RS2 (rounding error) [10-12, 24-26] -

2. HEIEETEE RSO HEfE B H R G VVHBA T W& 5 Ar[13] ;
A HTTHIEEHIRE T nAVP_SLE A HREE H AEREM K BRSO (B -
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ﬂ nAVP _SLE

PN

um

HIER —

Stglthﬂnnmn

<

ime(llr) Time(Min) Time(Sec) Dec(’)

Dec(') NIS GIAC)  GUAC') Ho(')  To(')
25.7 N 1363 14.2 71 34.9
N - 491 24.8 15 19.3

L o=y /—r-e.Z.Q_.H T Ry
Qs SR AN s i AVA
T : G 7~
Ll | °pas | N[ Speed — T 41°39.09522'N
a7 | cfos | wiE LI 17°7.3687'W
Fix Parameters
Tine :: Interval R e El |Cxlcnlate | Reset | Draw
3. IR 1 #F7 NAVP_SLE 74 5 (Fif—)
& nAVP SLE - o
41°%80 952N - e h.'i‘dr
CRP 4AI9.0082N 17°7.3687W
‘1"0.“21“\\ ‘-__ D
I \>
PET 6‘??/4:9 * Pk, ) e}\/
P Did A7\
/) g
" 008 637
AVP(41°39.09822'N, 017°07.3687'W)
4136 09522N \ |
e
41737596220 : Il_l
4. (I 1 BT nAVP_SLE [E/R&5 5 (i —)
\\ 3 ;"(
- \\\\ ///
5. JBE{FE[13]
. 12

—
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4. B 2 5T R PR ZAHR &
Celestial body Deneb Antares Vega
DR ZT 0616, 45°10.0'N, 030°15.0'W
T 06-09-04 06-12-05 06-16-02
Ho 46°35.6' 18°46.9' 66°48.7'
GHA 327°11.5' 031°07.6' 000°03.4'
Dec 45°10.9'N 26°22.5'S 38°45.2'N
BRI © [49, p 29]
BIRE 2 ° = KA R ANAL

FHLAEAE ZT 0616 » DR L45°10.0'N, 1030°15.0'W > SASARTHTE 180° » ik 20 & - Z5Mi
TTELINE BN =248 - B Deneb - Antares Bl Vega 55 » 2451 H = KEE RS
LT RE VAR RA SN2 4 HIIRSCRG AL AofmT 2 [49]

KA © #RFREZ0 nAVP_SLE SRARAE ZT06-16-00 HY = KAG K SR ;e KR = #uE -

@R

1. Sh{T nAVP_SLE F251% » FERGEE Draw - HIAS RSO ARG 8 DA R 3 {8 K SO
fir& sl » =fEE4% LOP =R “Sumner line” & 4 35t = 5P (cocked hat) » = {f
TE®BE53 51 £5(L44°49.04104'N, 1030°16.65329'W) ~ (L44°49.13527'N, 4030°16.71201'W)
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