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Inspiration and Innovation of Approaches for Solving the
Astronomical Vessel Position
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ABSTRACT

The discovery that “the line of position (LOP) replaces the circle of position
(COP)” was widely used and directed toward of various approaches for determining
the astronomical vessel position (AVP) on a chart in practical celestial navigation. The
innovation comes from “Sumner line” proposed by Captain Thomas H. Sumner of

United States and “intercept method” later modified in application by Commander
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Marcq de Saint-Hilaire of French Navy. These two approaches are validated by trial-
and-error method, which is an effective methodology for tackling complicated
mathematical problems because the numerical error can be eliminated by the iteration
scheme. This paper adopts the conceptual forms of functions resulting from spherical
triangle formulae to explain various approaches for solving the two-body AVP
problem and focus-thinking on their solving approaches. Some inspirations can be
given for those who are engaged in the field of maritime education and training.

Key words: Astronomical vessel position (AVP), Sumner line, Intercept method.
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1978 FHUB A B4R - g E EAREREIE AL 2010 F{EEZ(The International
Convention on Standards of Training, Certification and Watchkeeping for Seafarers, STCW
78/95/10) » B B fmEagAE R H s B-1/1 € 19 fREE " KNUBELHVEITRE INE ) B
Ko 20 fk TASEERI R SCHUEETEEREG ) [1] > 21 - 5 DESTREREINFAE B ERERY RN
EE - TR MR 8BS - IE5 [8 A SCHIREIRENT -

B AT BB E I EE EEBEE RO S S EEUHNE 4 (high
altitude observation, HAO)=k " &FE % | (intercept method, IM)ZE[FE 1574 ¢ fE/8E E > i
HREEERL > HEE RS E B (circle of position, COP) » Ti{& & Eat &Mt
hnEE L - Rl By B — B R S (i B 45 (line of position, LOP)[2-8] « e fi# sk g & ST s fir
JERIEE - AL ORISR RS » 1730 48 T X936 | (sextant)y2£EA[9-10]
B 1773 7 T R5C$# | (chronometer) ” #475[10-12] » SEFUEE 20T A HBUHIRAS - 41K
%~ AR TTEREEE » 7y EERANEY &S - fE—KHERY COP {EE AKX
B Formn= - BRI 87 0FHYIE SR  ZEAr ks T - RIRITERE] R EEE, COP A FEHESE /g
RHH - (ESEUIIREE & BRSO AV B A 2 E T - 15 1837 F-32 st
FER4N(Thomas Hubbard Sumner, 1807-1876)#2H, " LIE &R | & » Z1r(F COP E/Y
EI41 LOP(secant LOP) » 5% RIS I B R K SRR 7T 7AM E4E » HME Ry 5B E ek
o TR ERE 2EONEERZ - Bl 178 HNUSEAHER(new era) - i tEEI4% LOP
B[l f*‘Sumner line”[2-3, 9, 13-14] - AR 4R LOP 1 KA H RAVIFEEIG N B [15] » 17~
1875 F » JEE G ENE £ B 7575 B (Marcq de Blond de Saint-Hilaire , 1832-1889)i8 & 4% LOP
HJHE R AT COP Y45 LOP(tangent LOP) > [ )45 LOP E[If# £ “Marcq St.-Hilaire method”

e IR - (R T DUE R ) AT ARAYERE 1936 iR > DIEEE AR £ - SR
B = B ERTEE (nautical almanacs) NIHIK fl§ L% (sight reduction tables) it &2 » 12
e S EERIVHT TR ER - BEE5H[2-4, 9, 16] - 1970 F#E - N st BREA BE
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#ED - PR ARSI B RS (COPs) EL# B Fa T TRU7 /2R AE RSO {iz (astronomical vessel
position, AVP)HERHERSCIHAE SR - B2 T RSNUBEEIINE - ASURFEAET R4
YR > DAY STE UIUER T = A AP GERER A EE RS RS L 77 > BETR By
BER AL LB -

S o A EEE D) A R alS HE A MR T AR - FRA
Bitamih o REEGLIOT  BEBERE KRR ZBHERE S B oS
HHEER RS R IR ET R4 - RINER DI RN R e R H — a8 &i& -
HIBEY RSB A -

& - E—REZ EREEE

Bt i HRrsEEE i Eos L E R ERAVE —Rie Z BB - T
RICRGALAY BRI EIRE - M5 DEFTEE IS > DAk T —F 2 Fif -

2.1 ERERE

RIEM Z BARSFHIREN T FHESE s ERIKE L AR T KEESE
(equal circle of altitude, EAC) #1[&E 1 Fio~ <ELBl () Ay RS 2 3 {i7 B (geographical position,
GP) » 4% By HI6% = (co-observed altitude, 90°-Ho) - IRk IS = ial4e 5l e - > ik
RINLEE(COP) » & KAG7R4 (declination, Dec)&ifiififi4 & (Iatitude, L)[E+4 HE{EAHIT
5 - B Ry S s B CRIR 87°) 15 - HIOGAr8 @k » #B21It - 1208 R EBIEER » PRI -
HEBDHRZ RS 3 AL > o[RS 3 FREL_EHY COP - EMAVAS BB By R SR (AVP) »
HE M Ry fir(fix) - FRAEFRR) T mm EEUANA(HAO) | [2-9] - Hfa h BEHEEIEE » Hams
FEEEFR @ BIANE 2 Fow o B9 VR HER AR - BUAS E (Ho) & H /S R &Y
BRI FE (hs) 48 1 2587 (instrumental error) 41257 & 1E & () FIFEfE B IE&(IC) L L2 H
7= (optical deviations)Z1{iE A {E 1 (dip) ~ $T8f (refraction) 5z 177 (paralle) ZF (& 1F K15 © 555
#EMTEE (nautical almanac, NA) » Al E] (REUHII R &S R AR TE R IR B AR S 4RI B
8 ¢ JR&E (Dec) MM B 5 (Greenwich hour angle, GHA) - ZRjitJE= & Al - COP 1Y
FARMEAR - AT RELG OB ENKE - (52 A EE - ezl BERE R KB E
(Mercator chart) F#y8JF(distortion) » & s F [l A EEE R KR - (EEDHRES & S E
RIS B A 2 E -

1875 A R EE AR (18] 3) - I BKE = AEFR HEEEA(IM)[2-9, 14] » K
AR AR A HE R A7 (dead reckoning, DR)ff 4T B —{EzafiL & (assumed position, AP) » 3f;
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Observed Time hs
Y
GMT .| Instrumental and
Nautical Optical Corrections
Almanac g
Y Y
Dec, GHA Ho
GP(L.2) 90° —Ho
(Center) (Radius)
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COP

2. R BRI E R U E

SBELE AP il GP [ K FSHIEEAE - 1t Ayt B8 75 (co-computed altitude, 90°-He) » TG E
BB BEEERTB AR L - BV E TR intercept, &) » 04,2 - 3T DA ELigHl | B

HERTEAKRS  COP BFREL/ » AT ARSI EA(LOP) » BIYJ4 LOP - 41 4 Fi
# Ho A He B > LOP [ A8 1 i (toward) T R8) "l ) Fefi + 1.2 » HI] LOP MER
BT i (away) TR R ) R - BB RS ) M BT E R AR
RCE(AP) ~ ST @) RIRER(R) - HebfeaiB A2 BRI 5 7 - ARt B
(HOBEH ST 6 (2) » AU EE FRIERTE = PRI A A TR IR » B0t » BRI\t 5
IR - B AE TSI » TFEB TR AR © — ARSI (AVPIA
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Amiral Saint-Hilaire.

3. JAEUHE M R B AEHE (1832-1889)

[© http://ecole.nav.traditions.free.fr/officiers_marc_adolphe.htm ]

[ 4. ESZEE/HE%D TN E]

B AL E (AP) B R AR T B (GP)RY S e HE - S5—RIZEE erSFAR - AIRERSL
{ir B (COP)RL R KO AL EAR(LOP)  AAHEHE I HEMERAAY S AEAE E
B alastiA (trial-and-error) - HAEEHIE & (Ho)ia i 60 » £ EIE BRI E
%%HSMJ@@UEEI?TF‘E@K*”F(Grror of curvature) It - PRABERADAE RO
fir - HAEREM R G 2 s MIHE A B 2 -
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| DR | ‘ Observed Time ‘ hs ‘

ij
Instrumental
] = -
Nautical and Optical orrections
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]
P

LO

[l 5. RWFEAZ RS B SR G B AR AU
2.2 figEEnr

AT R —KAG 2 @ EfRE - SEEDE R SUL AR RS L RIVAZE VA
R AL EE(COPs) S ERAG (I EAR(LOPs) - I » RIAGr AR RE R Ry (e
T AR HIRF Fe] B U= R R T - SRE RSO - BRI R - — Ry [FIRF BT
FERFENEIR KA S So— A R AN EIRF R E — SN FEREE S - R & Z
AR > RITAT{sE 5 A5 (piloting) s HTAE IE i (running Fix) i [2-91 - ARASAA IR F AT
UL KBTI > SRAIFUAZETR > BEi25E RiE B EE s - —
fRs - T EEEEE ) (2 BRHATE REGHIIEL L E(GP) » 1 " EeEE ) AR e
L E(AP) - [HIFEERVE » BEAZ 2 F /Ry AP [fiA 72 DR (RIAFC & MR 2R (sight
reduction tables)fVEat - AVE(ERTFUAZ L - HIFERIZHEY] - DL DR AU AP -

F BRERSGEAETRITA

WA TR AT ANE MBS AR - Bt - B LRSI AU
ﬁiﬁ ﬁ%&ﬁ“ SRR RS I ET R T4 - BT BKE = AR A AT
HEM o Rl E ARG (r BRI R AL R E RS BESRE R ITA -
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1. BRI =A AR E S AR (5

R=AR BERANHES BE
ER(E R P BT 3
BELE SBRIE—faBGR 3
FaRRILTE =R B G 3
PR A BN A 2 B 6

5t 15

31 HE=ARNERAF

K =A2 BAHUBSENAREE » HASETIKE =AP (k=) 2 =8k =A
A HARANT A rE SR AaRL - A C; o B 15 (HARK ; Hp e - ek
SZEE ~ AERTZEEA 3 H > MPUAP A A 6 i SER=AAAVER AR (A - 1 1
I ©

55N LRI S A Foman s

F(y; x)=0,

Hr o y ARS8 (dependent variable) - 1fj x & H &85 x(independent variable) ; &7 &
FRorak( s ) Z RiEE -

32 BREERTREITA

TEBEHBES - RO E RS (COP)HIAE (h Ryt dr TR ¢ R AG (i B RS (COPs) HI %
IR AR T REAE » RIS SR - S AR AL AL (DR)HIE - RT3 R SCAG AL (AVP) -
BERR L ERETRE ARy Ry — > H—Ry{8U% (algebraic methods, AM)[17-25] - fijHa
Ky COPs-AM > B2 A HL # ORI R (E I REEV R 574 + 55— RyBR =& (spherical
trigonometry, ST)[23-33] - fif## fy COPs-ST - Z SRR B BRI/ SV BRG T RUR
Fr o SRR R A E B = A HET R AREEE R DAVHHI -

1. REUARBERENER M (COPs-AM)

RN E R (COP)HIAVE Ryt p 722 1T R AG L B Bl R nI i ple s dh <R 5 f24H >
el 6 Fror - HeREHIBES AT
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6. (REUA KR %%ﬂﬁzﬁlﬁ“ﬁlszﬂ%% SEE

F[I—’ tl(ﬂl); pdl(dl)’ Zdl(Hl)]:O’

F[I—’ tz(/lz); pdz(dz)’ Zdz(Hz)]:Oa

H o G8EE BER=HY2 » fFE(polar distance, pd)Ei-K JEFE (zenith distance, zd) >
953 B2 7RaE (d) R B E B (H) AV ek B IR BRI A Bk = A8 Bk =1 g > Eﬂﬁ%%ﬁ(co'
latitude) 5z T-4FF& (meridian angle, t) » B4 57 A1) o4& (L) f 28 &£ (longitude, M)AV L 5 F 3l
LS TIE R R =B HE—AZ Bilht BIERE a4 StRiTEeR 2R 2 A E R
INTE AR RIS > MERASR SCN T AR R 2 on - BETR o R E MR B4
Ogilvie[19]fF H Ll 7240 » DU MemKE L HEARRE LXK uldEHn HE
f?é#JEJ_E BT ti+to= HA Ry1l- - BIEISELS L5 (it B to o7 AR Ry M B ), :i:ﬂ:t

fFHh&R TIZAHAYW ARG - FH{(HE DR 2K E AVP 5 Van Allen[22]78ER FH_EAIL7F24H
f“ Eg‘*?ﬁiﬁ%fp L TR —KOTHR4E © RS 4 dHEES - EUW@E@E@W@@@ ’
FF4% DR H%E AVP « Chen[23-25]I[{fE FAHEIRY I3 F24H - AT A A AR -
SKARRAIL = 7124 - 155 2 40455 > FHKHE DR TR E AVP -
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72 2. REUE KR EE R gair B BN (COPs-AM)EEIR =

YEE (BRED) Bz dh& 724 BEE
Flynn (1972) BER PR Taylor R85
Fox (1975) WL B aRoZ BT
Ogilvie (1977) LB R IE JEVIRE
Watkins and Janiczek (1978) s ’ R
De Wit (1979) SRS eI yiElC O
Van Allen (1981) VA A JAE R
Chen et al. (2003) BB aRoZ =R
Hsu et al. (2005) LB ER TR =12

[ 7. BR=JRKEFEERAG (L BRI AL 2 fEeom

2. RREFREERA I BRI (COPs-ST)

W 7 s > BRI LR EL G

T R RAGHYHER{LE S1 0 Sz - M-85 51 R

201 M1 202 5 B S5 = E RSl R ARG 0 Al By Va Fll Ve - Hiih 2 —BIR R SCHEURIRGAL(V) 5 68
FHRFEHERE Por > S1 K2 S2 o £ > ERIFIKAGHY R THEE (B 2d1 A1 zd2) ~ 15EE(ED pda A1 pd2)

DUR R AR A 22 (HA) - JIBR=R0K e

wre e

(B2 T 7Rl R B & 5 12 R)

$EEL. AP SS,tH > B4 pd,

+ pd, ATHA > SR RAG Z [E KR EEEE(D)
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F(D; pd,, pd,, HA)=0.

$EF2.  AP,SS,H » B4 pd, ~ pd, K D » 3KS, BIHZEF(e,) ©

F(al; pdl' pdzl D)=0.

B3, (EAVSS, > Banzd, - zd, f1D > 3RS, AURFEL(B,) °

F(4;; zd,, zd,, D) =0.

4. AP SV,H > m=a,—f ; AP SV,H1> M=a,+p, -

$EES. AP SV, > B41pd, ~ zd, & m s 3R AVP Z&ERE Ly, ;

AP SV, » B4 pd, ~ zd, &z M - 3K AVP 248 Ly, o

F(Lv;; pd,, zd,, m)=0,

F(Lv,; pd;, zd;, M )=0.

$EE6.  AP,S\V, > BAzd, ~ pd, K Lv, » SRRBES, Y TAFFA(L,) - SHABEHTTE AVP 2

KAV,
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% 3. ER=TRORAREER AG (i B IR (i (COPs-ST) £ 25 BRAVER — A (EE#ER

AR :
= wgE | EAAR | HAR e e
(BERFEAT)
Dozier (1949) 1), (3. () (2), (6) (2), (6)
Kotlaric (1971);
Kotlaric (1981) (1). ) (2). 3). (6)
A’H d R
(197672)11‘11 an ossano (1)-(6)
Bennett (1979) (1), 3), (5) (2), (6)
Chiesa and
Chiesa (1990) @ 3) @ 5) (6)
Pepperday (1992) (1), (3), (5) (2), (6)
Gery (1997) (1)-(6)
Chen (2003); (1), 3), (5) (2),(6)
Hsu et al. (2005) (1)-(6)

AP,S\V, » Bl zd, ~ pd, % Lv, » SKRKEES, BITAFRA(L) » SHAEETTTE AVP 2

AV, -

F(t; zd,, pd,, Lv,)=0,

F(t; zd,, pd,, Lv,)=0.

FRVER 440 » ZPBRVER=AF  BE=B— ARG - & P& BT
[EAEVER=A3 - 528403 3 Fon « BRIt > A ERREEERIE T - BPERTEAER
SRR - Si5 2 0 PAKEIRRAREE RS (i B R 7 (COPs-ST) » HOKER A R
B RHET R RE R ERORAE - AR AT -

33 BRBUERAEGE

B SR RS B AR (LOP) & 2 <R A AL R (E] 8) + 19 pREEN REE A
E2(Harvard University) K SCEEE: % - 30 piiett Z A9, 13-14] - 4lE 9 /i > Him Sk
PRI G4 » Bl Lafil Ls > 73 B COPLAZY AL J: BL Wik » RIZERERA Y B 4R Al
15 LOP:1 > 1 B Sumner LOP =0 E(4% LOP ; A8 FHEFE AR LOP HIJfE £ Hilaire LOP
UI&R LOP « $21t - RIS BESRET B 7R R — - RI%EEIGR {7 B 4R (secant LOPS) L
J YR B4R (tangent LOPS) » Z55RERT 3 7 4Lal - -
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8. EFRGHLAL EREM4N(1807-1876)

[© http://www.topentity.com/thomas-hubbard-sumner/]

umner. LOP;

Ps
[ 9. EEHNCGRALE SRR ARSI A ME S R 8]

R B ARRIER SCRRAL (secant LOPs)

WlE 9 FoR - fAEE M RG4S - Bl Lafl Ls - 81 COP1 AHZCRY Al B B - [fija% A
BTG N AR = B eRL RS T RS

F(t,(A4y); L, pd;, Ho) =0,

F(t,(4s,); Ls, pd,, Ho) =0.
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Hilaire LOP;

&l 10. DI ESORAE RS e n R E

RN BET B4R > BB Sumner LOPy > [E]H » JRE]15 Sumner LOP: ; RH&RHYACBER AR
SCR I o Wight[34]=F Chen 22 A [35]457 Bl A Valier JEECE0E 1 K SCHSAL(AVP) -

2. UG BEORIER S (tangent LOPs)

HARIEHY Sumner LOP(E$ LOP) > & S EGR-P{ TH S ATE1S SR AL Hilaire
LOP(V]4x LOP)gH %% tift 2% LASe -1 I #il&] - 418l 10 Fror > (/] DR 25kt - HatE
COPL YRS ITRZ4HATT -

F(Hc;; L, pd;, 1) =0,

F(Zl; L, t, pdl):O'

BT RS R S (Ho) BT 7 /8 (Za) AT Ol 15515 5 R (Hor) BRI S0 P (Hor) W &
ZEEE s BIEIE(ar) s 5218 JES Hilaire LOP1 Y =282 > HI DR ~ Zm DL K, a1 55 > [A]HH »
JN ] 45 Hilaire LOP, ; W&RANASHRER A R SCAIL(F) 5 FRECE A (iteration scheme) HIf AT
FE B IR S (real AVP)
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11, RN ARG EE

3. A& (iteration scheme)

fest ARV R AL - SRR U BRI L ARG B - bR AR a sk
(trial-and-error)iy4FE - LSRR DN ZREE AR KSR AL A FEHERI R - % MRER AR 2 B H]
JE PR 2 AU (iteration scheme) © FBAGEHREAR P (R BRI URTELIR 1Y R SRS iz
(AVP)EZ R Ag 2 R B (GP) - Fui AR A gR G ies - RIEEEKmE = AmE2Hy AU EHT
ST 5 (EREIOAURHIR SIS AL(AVP)) = Hh 4R HY COP Z M B 4T 2 H B HY AR SR
(real AVP) - fiiE 2 - IAAUSIRY I mliean By TOoHioRE - A RE -

B BEASRGZER

PUKEERSIREAL AR - eI AGBE - rERERAVEE ECREE) - 2
s AL S Belas & RE A BT % -

1. RSN ASUETEAE 11 s o [ (problems) /&3 SRR R BUNIER S A A 22 HL
£ H AR ZE R IE AR © J57A(methodology) (it HIRE - iRFEREEHERR S [ HE 2
FIER Sl A EE L S A s R A 2+ &R (results) (s SRR T &3
REEAFE IR BN RS - EEEAEEME (universality) - [NIE > BISE =G mER
SCHIfE T RRE-DTAEER ) (PMR)FE AR — B 2iiakR[10, 36] -

2. HERERFHIAE R TR THE—ANBHVEGEE ) © B SERI(RIE) A - HETREH
(ERE B SR GT RIS EE B - HAHE SRV AR GIR o] DUE B HER
1950 = BB BB FUAIRBS RO E Ry T R R, SERBARS] R - HAIR
EEEN > EMELAEEEAE A YL 5 15 (Isaac Newton, 1642-1727) Kz
B RTHH (Albert Einstein, 1879-1955)Frialiiy " Bl , » MEAABE AR A > (HAZH
B - ML - (S IR S R e B PR IRA N AT R T B2 T SRR A
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A AR AR EEDRNE T B tR [37]

3. IR 4 E S HTEES HUKE (Arthur Schopenhauer, 1788-1860)1Y;[E 22 (insight) :
"RE IR E NN E BRI AFTRA - T A AR RAVER S - FEFIF AT AR
AEF o | (“The task is, not so much to see what no one has seen yet; but to think what nobody
has thought yet, about that what everybody sees.”)[38] DL %z 7 #H 22 57 55 {H #% (Steven
Weiberg, 1933- )iy 48852 — © T ZRERIE L SGREIS 2 IRESERESE - A ER]
PR IR ATE R TR NS EE - [39] 5 IR ARSI EI -

4. Bl A28 R BEES AR AR AR v (Alexander Grothendieck, 1928-2014) ¥ i i F5 22
B E A ESSS BT S S IR e B by PR BB - — 87 A2 R A
L HPFENE S AR SRR B i baRiE T A At AEE
EIFRIE] T W T — B S 1 - [40]: DK R SR J775 R 9l Rils& By COPs »
iM7A BIEHY LOPs HIEiNME % -

5. REAEREELEIIL | AAHAEGEAE IR A STCW IR AT m © A AEi LIt
A TREEAFEASZE TR FEM, BI8ETT © 4 (“The university teaches our
students to learn something about everything and everything about something.”) DA 5 &
ST ¢ T RSOk B R R 1L S LAY — R MERE 7T TR 2R AR &
HY » | (“The development of general ability for independent thinking and judgment should
always be placed foremost, not the acquisition of special knowledge.”) °

-~ &

PEAE RSB SRR BRI IR 1% - 55 S < B R AL AN R AR A BB G
AR W ARBIEEER - T80 R RS AR A HE[41] © ASGREER
B RS ET R 7A M R E R L B R F ARG L EGET R T 7A  ArE K
BERTT AT Ry RBUL(COPs-AM)ERER = 75 (COPs-ST) » & E (R SCAL E AR Z MEE A
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